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Abstract. Using an approach emerging from the theory of closable deriva- 
tions on von Neumann algebras, we exhibit a class of groups CTZ satisfying 
the following property: given any groups ri,r2 G CH, then any free, ergodic, 
measure preserving action on a probability space Ti X T2 X gives rise to 
a von Neumann algebra with unique group measure space Cartan subalgebra. 
Pairing this result with Popa's Orbit Equivalence Superrigidity Theorem we 
obtain new examples of W*-superrigid actions. 
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Introduction and Notations 

The group measure space construction of Murray and von Neumann |MVN36| 
IMvN43] associates a finite von Neumann algebra, denoted by L°°{X) x F, to every 
measure preserving action F r> X of a countable group F on a standard probability 
space X. When the action is free and ergodic, L°°{X) x: F is a IIi factor containing 
L°°{X) as a Cartan subalgebra, i.e., a maximal abelian selfadjoint subalgebra with 
its normalizing group AfL°°{x)>ir{L°°{X)) generating L°°{X) x F as a von Neumann 
algebra. 

Two free, ergodic actions T r\ X and A r\ Y are called W*- equivalent if the 
corresponding group measure space von Neumann algebras are isomorphic. Also, 
two actions T X and A r\Y are said to be conjugate if there is a measure space 
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isomorphism $ : X — > F and a group isomorphism 6* : F — > A such that for all 
7 e r wc have ^{■^x) — 9{'^)^{x) for almost every x G X. 

Naturally, a conjugacy between two actions implements an isomorphism between 
the associated von Neumann algebras. Therefore the W* -equivalence class of an 
action always contains its conjugacy class. Moreover, when T is infinite amenable, 
the W* -equivalence class of a free, ergodic action T X contains all free, ergodic 
actions of all infinite amenable groups [Con76| . thus being (much) larger than its 
conjugacy class. This is an instance when the von Neumann algebra arising from an 
action remembers little of the initial group/action data. The opposite phenomenon 
- when aspects of an action can be recovered from its von Neumann algebra - is 
labeled a W* -rigidity phenomenon. 

An extreme form of rigidity for actions is W* -superrigidity. A free, ergodic, 
measure preserving action F ^ X is called W*-superrigid if its 14^* -egitwaZe77.ee 
class coincides with its conjugacy class. In other words, whenever K r\Y la a, free, 
ergodic, measure preserving action, any isomorphism between the von Neumann 
algebras L°°{X) xi F and L°°(y) xi A entails a conjugacy between the actions T r\ X 
and K r\ Y . Producing examples of W^*-superrigid actions F rv A" is a difficult 
problem as it incorporates two rigidity phenomena which, even individually, are 
usually hard to establish. 

(1) Orbit Equivalence (OE) superrigidity: If an arbitrary free, ergodic, p.m. p. 
action A r> 1" is orbit equivalent with T r\ X , i.e., there is an isomorphism 
<^ : X ^ Y such that <^{Tx) = A$(a;) for almost every x G X, then the 
actions T r\ X and h r\Y are conjugated. 

(2) Uniqueness of group measure space Cartan suhalgehras: If the von Neumann 
algebra N = L°°{X) x F corresponding to the action T r\ X admits another 
group measure space decomposition N = L°°{Y) xi A, the group measure 
space Cartan subalgebras L°°{X) and L°°{Y) are conjugated by a unitary 
in N. 

Due to a sustained effort over the last decade from both ergodic theory and 
Popa's deformations/rigidity theory we have now a number of examples of actions 
known to be OE-superrig id. See, for instance |Fur99bj . |Fur99a] . }Kid06| . |Pop07| , 
|Pop08| , [Ioa08) . or }Kid09j . 

However, the second problem was out of reach for an extended time. The break- 
through in this direction came only a few years ago with the seminal work of Ozawa 
and Popa |OP07) . Using techniques from deformation/rigidity theory, they showed 
that the von Neumann algebras associated with profinite actions of products of 
nonamenable, free groups have unique Cartan subalgebras. Similar results covering 
more general examples can be found in |OP10| . 

Despite these important results, instances when an action simultaneously satis- 
fies both forms of rigidity remained elusive. Recently, the second author managed 
to prove the existence of actions satisfying the second type of rigidity while simulta- 
neously virtually satisfying the first type [Pet09cj . More precisely, by developing an 
infinitesimal analysis for the resolvent deformations associated to closable deriva- 
tions on von Neumann algebras, it was shown that the von Neumann algebras 
arising from free, profinite actions of free products groups, Fi * F2 with Fi non- 
Haagerup, have unique group measure space Cartan subalgebra. Then, using a 
Baire category argument, results from [loaOSj and [OPlOj were combined to show 
the existence of virtually W^*-superrigid actions. 
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Shortly after, Popa and Vaes proved that arbitrary free, ergodic actions of groups 
belonging to a large class of amalgamated free products give rise to von Neu- 
mann algebras with unique group measure space Cartan subalgebra [PV09] . When 
combining this with either Kida's OE-superrigidity theorem in KidQ9 or with 
Popa's OE-superrigidity theorem in |Pop08| it led to concrete examples of W*- 
superrigid actions, such an example being any free, mixing p.m. p. action of the 
group PSL{n,'Z) *t„ PSL{n,Z). The methods Popa and Vaes developed to prove 
their result brought a new insight to the deformation/rigidity technology through 
the introduction of their "transfer lemmas" . Outgrowths of these methods were 
used subsequently by Fima and Vaes to obtain examples of H^*-superrigid actions 
covering other classes of groups, e.g., HNN-extensions jFVlOj . 

Recently, loana was able to prove a striking result showing that the Bernoulli 
actions of any property (T) group is M^*-superrigid |IoalOj . While still heavily 
relying on deformation/rigidity theory, his methods brought a considerable amount 
of innovation at the technical level. See also [IPVIO] for further results in this 
direction. 

Our paper focuses mainly on obtaining new examples of actions which give rise 
to von Neumann algebras with unique group measure space Cartan subalgebras. 
To introduce the result we consider the class CTZ of all countable, infinite conjugacy 
class groups F satisfying the following conditions: 

(1) There exists an unbounded cocycle c : F — > /C into a mixing representation; 

(2) There exists a non-amenable, infinite conjugacy class subgroup $7 of F such 
that the pair (F,il) has relative property (T). 

Using an approach which derives from the theory of closable derivations on von 
Neumann algebras we show that any free, ergodic p.m. p. action T r\ X of any 
group F belonging to CTZ gives rise to a von Neumann algebras with unique group 
measure space Cartan subalgebra, thus adding to the examples found in [PV09| 
and [FV10| . The reader may also consult Theorem 17.41 for a similar result covering 
a class of groups larger than CTZ. 

Moreover, when considering products of groups belonging to class CTZ we obtain 
the following: 

Theorem (Corollary [O]below). // 1 ^ m ^ 2 fe< F = Fi x • • • x F„ where T, e CTZ 
for all 1 ^ i ^ 2, and let T r\ X be a free, ergodic p.m. p. action on a probability 
space X. If there exists another free, p.m. p. action A r\Y on a probability space Y 
such that N — L°°(X) x F = L°^{Y) x A then one can find a unitary u €z N such 
that uL°°(y)u* = 

If F is a group with positive first £^-Betti number (/3^^' (F) > 0) there exists an 
unbounded cocycle into the left regular representation jBV97| IPT07| , and hence F 
satisfies condition (1) above. Therefore CTZ contains all amalgamated free products 
Ti *n ^2 which satisfy the following properties (Proposition 3.1 in IPT07| ): 

• F, are infinite groups such that /jf (Fi) + /3f ^(Fa) + fny > 

• Fi contains an infinite, i.c.c. group with property (T). 

Similarly, CTZ contains all HNN extensions HNN{r,n,d) which satisfy the follow- 
ing properties (Proposition 3.1 in |PT07| ): 

• F is an infinite group such that /3f ^(F) + J^ > '(^^); 

• F contains an infinite group with property (T). 
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It also follows from Theorem 3.2 in [PT07| that CTZ contains all groups F which 
have infinite subgroups ri,r2 and a presentation F = (Fi,r2 | r . . . , r^*" ) for 
elements ri, . . . , e ri*F2 and positive integers wi, . . . ,Wk satisfying the following 
properties: 

• r- 7^ e e F, for 1 < Z < w^; 

. l + M^)(Fi) + /3i'^(F2)-S,ti^>0; 

• Fi contains an infinite, i.c.c. group with property (T). 

The proof of the above theorem is obtained in several steps and it combines ideas 
from |Pet09c| and some transfer lemmas a la Popa-Vaes (see Lemma 3.2 in |PV09| ). 
We briefly explain below the idea behind the proof in the case m = 1. First, a 
lemma similar to Lemma 3.2 in |PV09j is used to transfer, at the level of resolvent 
deformations, the rigidity part of the group F to "large" subsets of the mysterious 
group A. In turn, this mild form of rigidity is used through a refinement of the 
infinitesimal analysis developed in |Pet09cj to show that the resolvent deformation 
converges to zero, uniformly on the unit ball of the "mysterious" Cartan subalgebra 
L°°{Y). Finally, this stronger "rigid behavior" of L°°(y) with respect to the the 
resolvent deformation is exploited in the same way as in |Pet09b] to completely 
locate the position of L°"{Y) inside N . 

While more technical, the proof of the product case follows the same general 
strategy. The difiiculty however is that if L°°{Y) C x F is a group- measure 

space Cartan subalgebra and L°°{Y) C L°^(X) >^ Fi, then by [JP82] is 
also a Cartan subalgebra of x Fi; however, there is no obvious reason for 

L^iY) to again be a group-measure space Cartan subalgebra of x Fi. This 

difficulty is overcome by developing a transfer property (Lemma 14.61 below) which 
is applicable in the setting of products. 

We do not know if the von Neumann algebras N considered in the theorem above 
do have a unique, up to unitary conjugacy, Cartan subalgebra. 

Using his deformation/rigidity theory, Popa discovered a natural class of OE- 
superrigid actions of product groups, showing in |Pop08| the following: Given any 
product of nonamenable groups F = Fi x F2 and any countable F-set / such that 
for every i e /, its Fi-orbit is infinite and its F2-stabilizer is amenable, the corre- 
sponding generalized Bernoulli action F rv {X,fi)^, if free, is OE-superrigid. The 
reader may notice that even though the actions considered are somewhat particular 
there is a large degree of generality at the level of acting groups F^. Therefore, when 
letting the groups F^ to be in our class CTZ, and combining it with Theoremn above 
leads to the following examples of iy*-superrigid actions. 

Corollary. Consider F = Fi x F2 where Ti e CTZ and let I be a countable F-set 
such that for all i £ I the orbit Tii is infinite and the stabilizer {7 G F2 \ ji — i} 
is amenable. Then the corresponding generalized Bernoulli action F r\ {X,fj,)^ , if 
free, is W* -superrigid. 

Monod and Shalom considered in |MS06) the class Cj-og of all groups with nonva- 
nishing second bounded cohomology with coefficients in the left regular represen- 
tation. In the same paper they proved, by using bounded cohomology methods, 
that any free, irreducible, aperiodic, action of products of such groups is close to 
being OE-superrigid in the following sense: whenever this action is orbit equivalent 
to any other free, mildly mixing action then the two actions must be conjugated. 
For a precise statement, as well as the definitions of mild mixing and aperiodicity. 
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the reader may consult Section |6] or Theorem 1.10 in [MS06] . Monod and Shalom 
proved the necessity of this condition for their statement; however it will be in- 
teresting to understand if their actions are OE-superrigid when one assumes, in 
addition, that they are mixing. 

The class Cjog is quite large (see Section [6] below or Example 1.1 in |MS06| ) and 
it intersects nontrivially with our class CTZ. Basic examples of groups that belong to 
both classes include all free products of a nontrivial group and an infinite property 
(T) group. For instance, if |r| ^ 2 then we have T * S'L(3, Z) e C7^ n Crog- 

Consequently, for such groups, Monod and Shalom's result together with our 
main theorem imply the following Vl^*-strong rigidity statement. 

Corollary. Let T = Ti x r2 with Ti € CTZ n Creg for z = 1, 2, and let T r\ X be 

a free, irreducible, aperiodic action. Suppose that A r\. Y is mildly mixing action. 
If the action T X is W* -equivalent with A r\ Y then T r\ X and A nv Y are 
conjugate. 

Organization of the paper. This paper contains seven sections and one appen- 
dix. In the first section we review Popa's intertwining techniques and we prove a 
few conjugacy results for actions of product groups. The first part of Section [2] col- 
lects important background on real, closable derivations along with their resolvent 
deformations. We show in Lemma 12.61 that bimodules arising from mixing repre- 
sentations are mixing and, through an adaptation of technology from [Pet09c] . we 
use this to prove in Section [3] a criterion for the uniform convergence of the resol- 
vent deformations on certain subalgebras (Theorem 13. 2p . In a similar fashion with 
Lemma 3.2 in |PV09j we prove in Section |4] a transfer Lemma [4.61 for actions of 
product of groups in class CTZ. In turn, this transfer lemma is used in combination 
with Theorem l3.2l to prove the unique group measure Cartan decomposition result 
in Corollary 15.31 In Section |6] we use Corollary 15.31 to derive our main applica- 
tions to iy*-superrigidity. Corollaries 16.11 and 16.21 In the last section we exhibit 
more examples of von Neumann algebras with unique group measure space Cartan 
subalgebras (Theorem 17. 4p . 

Notations. In this paper all finite von Neumann algebras N that we will be 
working with are assumed to be endowed with a normal faithful tracial state, which 
we will denote by r. The trace r induces a norm on N by letting |la;||2 = t{x*x)2 . 
As usual, L'^N denotes the || •||2-completion of N. A Hilbert space "H is a N-bimodule 
if it is equipped with commuting left and right Hilbert A^-module structures. 

Given a von Neumann subalgebra Q C N we denote by Eq : N N the unique 
r-preserving conditional expectation onto Q. If eg is the orthogonal projection of 
L'^N onto L^{Q) then (A'', eg) denotes the basic construction, i.e., the von Neumann 
algebra generated by N and eg in B{L'^N). The span of {xegy \ x,y G N} forms a 
dense *-subalgebra of {N, eg) and there exists a semifinite trace Tr : (TV, eg) — >■ C 
given by the formula Tr{xeQy) = T{xy) for all x,y £ N. We denote by L'^{N, Eq) 
the Hilbert space obtained with respect to this trace. 

The normalizer of Q inside N, denoted AfNiQ)-, consists of all unitary elements 
u e U{N) satisfying uQu* = Q. A maximal abelian selfadjoint subalgebra A of iV, 
abbreviated MASA, is called a Cartan subalgebra if the von Neumann algebra gen- 
erated by its normalizer in N , Mn{A)" is equal to N . Also, A is called semiregular 
if AfN{A)" is a subfactor of N. 
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If r r^'^ ^ is a trace preserving action by automorphisms of a countable group T 
on a finite von Neumann algebra A we denote by N — A ytcrT the crossed product 
von Neumann algebra associated with the action. When no confusion will arise we 
will drop the symbol a. Given a subset F C F, we will denote by Pp the orthogonal 
projection on the closure of the span of {au^ \ a e ^; 7 e F}. 

Throughout this paper w denotes a free ultrafilter on N. Also given {N, r) a 
finite von Neumann algebra we denote by (A'^",r") its ultrapower algebra, i.e., 
jyui _ £oa(f^^ N)/I where the trace is defined as T'^((a:„)„) ~ lim„^(j and I 

is the ideal consisting of all x G £°°{N,N) such that t'^{x*x) = 0. Notice that N 
embeds naturally into iV" by considering constant sequences. Many times when 
working with N = A T we will consider the subalgebra A'^ x F of TV". For 
reader's convenience we remark that every element x — (a;„)„ G A'^ x F satisfies 
that infFcr,finitc lim„_>tj \\xn - PF(a;„)||2 = 0. 

Acknowledgement. We are grateful to Stefaan Vaes for numerous useful com- 
ments and for pointing out an error in an early version of this paper. 



1. Intertwining techniques 



We start this section by reviewing Popa's intertwining techniques from Pop06b . 
Given N a finite von Neumann algebra, let P C fNf, Q C N he diffuse subalgebras 
for some projection f £ N . One say that a corner of P can be embedded into Q 
inside N if there exist two nonzero projections p G P, (7 G Q, a nonzero partial 
isometry v G pNq, and a *-homomorphism : pPp — > qQq such that vil){x) = xv 
for all X G pPp. Throughout this paper we denote by P Q whenever this 
property holds and by P 7^ jv Q otherwise. 

Popa established efficient criteria for the existence of such intertwiners (Theorems 
2.1-2.3 in |Pop06b| ). Particularly useful in applications is the analytic criterion 
described in Corollary 2.3 of |Pop06b| . Considering the case of crossed-products 
von Neumann algebras, the next proposition is a reformulation of Popa's result 
using the ultrapower algebras setting. 

Proposition 1.1. Let T be a countable group, A a finite von Neumann algebra 
and T r\ A is a trace preserving action. Suppose that N = A >i T and B <Z N is 
a subalgebra which is either abelian or a IIi factor. If q Cz B' n N is a nonzero 
projection then the following are equivalent: 

(1) Bq A. 

(2) For any nonzero projection p G (B'nN)'^ withp ^ g we have B'^p ^ A" xiF. 

(3) For any nonzero projection p Cz B' (1 N with p ^ q we have B'^p ^ A^ x: F. 

Moreover, if Afj^{By H N — CI (for instance when B is a semiregular MAS A) then 
the following are equivalent: 

(1) ' B<nA. 

(2) ' P" C A" XI F. 

Proof. First we prove (1) ^ (2). Assuming Bq t^jv A, by Popa's intertwining result 
[Pop06b| there exists a sequence of unitaries u„ G U{B) such that for all x,y G N 
we have \\EA{xUnqy)\\2 — as n 00. This easily implies Ea^ xtr{uq) = 0, where 
u = {un)n G N". If p G (P' n A^)" n (A" XI F) is a projection such that p ^ g, then 
EA^xr{up) — EA'^-^riuqp) = Ea'^ Ar{uq)p = and hence B'^p ^ A" x F unless 
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The implication (2) (3) is obvious and therefore to finish the proof it only 
remains to show (3) (1). We will prove this by contraposition. Assuming Bq 
A one can find nonzero projections rq e Bq, p e A, an injective *-homomorphism 
ip : rBrq pAp and nonzero partial isometry v £ rqN such that vil}{x) = xv for 
all X e rBrq. The last equation implies that vv* G (rBrq)' D rqNrq and therefore 
we have the following containment: 

(1) rBrvv* = v^j;{rBr)v* C vAv* . 

We notice that there exists nonzero projection q' £ B' O N with q' ^ q such that 
vv* — rq' and combining this with relation ^ we obtain that 



If i? is a III factor then by passing to a subprojection we may assume that 
TNiT) — for some positive integer k. Also for every i,j e {l,...,fc} there exist 
partial isometrics eij € B such that en = r, e*j = eji, CijCji = en € ViB) and 
= 1- If ixn)n G B'^ then using the above relations in combination with 
q' e B' n N we have that 

(*^n)n(Q )n — {•^nQ )n — ^ GaXjiGjjq — ^^{enCuXjiCjiCijq 



One can easily see that (eiiX„eji)„ e (rBr)'^ and combining this with relations 
© and ^ we conclude that (x„)„(g')n e xi T, thus showing that B'^q' C A"^ yi T. 
Therefore, in both cases {B abelian and B a IIi factor) we can assume that there 
exists a nonzero projection p G B'nN with p ^ q such that B'^p C A" x F, finishing 
the proof of implication (3) ^ (1). 

If i? -<N A then by equivalence (1) <^ (3) one can find a nonzero projection 
pe B'nN such that C yl" x T. Conjugating by -u e 7Va/(B) C 7Vm(5' n N) 
we obtain B'^upu* C A" x T, for ah u e Mm{B), hence B"po C x T where 
Po = u^Nm(B)'^P'^* ^ B' ON. One easily sees that po commutes with Mm{B) and 
therefore it belongs to Nm{B)' n A^. By assumption we have Nm{B)' n A^ = CI, we 
then conclude that po = I and therefore B"^ C x^F. This shows (1)' ^ (2)' and 
the reversed implication follows immediately from the equivalence (1) <4> (3). □ 

Before stating the next intertwining result we introduce some notation. Given a 
product group F = Fi x r2 x • • • x Fm, for every 1 ^ i ^ m, we denote by F(j) the 
subgroup of F consisting of all elements in F whose i"^ coordinate is trivial, so that 
we have the natural identification F = F.^ x F(j) for each 1 ^ i ^ m. 

Corollary 1.2. Let F = Fi x F2 x • • • x F^ and letTrxA he a trace preserving 
action on a finite von Neumann algebra A. Assume that B(-A>^T = Nisa 
subalgebra satisfying one of the following conditins: 

(1) B is a III factor such that Bq A x F(j) for all q (z B' ON and 1 ^ i ^ m; 

(2) B is a semiregular ^^45^4 such that B A >4 F(j) for all I ^ i ^ m. 

Then B A. 

Proof. Notice that for every 1 ^ i ^ m the algebra A^ can be seen as {A x ^{i)) x F^ 
with Fi acting trivially on Fjj). First we assume situation (1), i.e. i? is a IIi factor 



(2) 



[rBr^q' C A" x F. 



(3) 
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such that for all q E B' O N we have Bq A >^ Therefore, by Proposition 
11.11 there exists nonzero projection qi E B' O N such that 

(4) B'^q, c (A X r(,))" >^ r,. 

Then we let qi € B'nN to be maximal such that B'^qi C {Ax Fji))'^ x F,; and below 
we argue that qi = 1. Assuming the contrary, we have Oy^l — qiEB'DN and 
since by initial assumption B{1 — qi) A x: r(i) there exists a nonzero projection 
Pi G B' O N with Pi ^ 1 — qi such that 

Combining this with (jH) we get that B'^{qi +Pi) C (A x Tf^))" x Ti which obviously 
contradicts the maximality of qi. 

Altogether we obtained that for aU 1 ^ i ^ to we have B^ C (A x Fji))" x Ti 
and hence we have 

m 

B'- C f|(Axr(,)r xF,. 

4=1 

If we let X = {xn)n G {~\i^i{A X Ffi))" x F^ then for every 1 ^ i ^ m we have 
that 

inf lim \\PFi{Xn) - Xn\\2 = 0. 

FiCTi, finite n^uj 

Using these relations in combination with triangle inequality we obtain that 
inf lim ||Ffi o • • • o Pp [xn] - Xn\\2 = 0, 

FiX---xF„cr, finite n^w " mv / i 

and since Fpi o • • • o PF2{xn) = PFix---xF„^{xn) we conclude that x € A" x (Fi x 
••• X F„). 

Hence B'^ C (XLii^ ^ ^{t))'^ x F^ = A" x F = A" x F and by Proposition O 
we have that B A. 

For case (2) just notice that by the second part of Proposition II . II we have that 
-B" C (A X F(j))'^ X Fi for all 1 ^ i ^ to and therefore the conclusion follows from 
above. □ 

We end this section by recalling Popa's conjugacy criterion for Cartan subalge- 
bras which will be used in the sequel. 

Theorem 1.3 (Appendix 1 in |Pop06a| ). Let N be a IIi factor and A,BcN two 
semiregular MASAs. If Bq G B is a von Neumann subalgebra such that B'qHN — B, 
and Bq A, then there exists a unitary u E N such that uAu* = B. 

2. Background on derivations 

Let F be a countable group, and assume that F r\'^ A is a trace preserving 
action on a finite von Neumann algebra A. Given an orthogonal representation 
TT : F — >■ 0(H), it was shown in [ Sau90. that each 1-cocycle associated with tt gives 
rise naturally to a closable, real derivation on = A x F. This means there is a 
linear map 6 : D{S) — > Htt where D{S) is a weakly dense *-subalgebra of A^ and "Htt 
is a Hilbert A^-bimodule satisfying the following properties: 

• S{xy) — x5{y) + 5{x)y for all x,y E D{S); 

• 6 is closable as an unbounded operator from L'^N to Htt', 

• There exists J : — )■ "Htt antilinear involution such that J{x^y) = y*^x* 
and Ji5{x)) = S{x*) for all x,y,ze D{S),^e H^. 
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We briefly recall this construction below. 

The Hilbert 7V-bimodule is defined as = 'H®L'^N where the left and right 
actions of N on "H^ satisfy 

(5) (au^) • «) ?7) • (6wa) = {-^{1)0 ® {{auj)r]{bux)), 

for aU a,be A, £, e H^, rj € L'^N and 7, A € T. 

Given c : F ^ "H an additive 1-cocycle for tt, i.e., c(7A) = 0(7) + 7r(7)c(A) 
for all 7, A G r, we define S : ^ x^ig F — > by linearly extending formula 
6{au^) = 0(7) ® (au^), where a g ^, 7 e F. It is straight forward to verify that 
this map is a closable, real derivation on N . 

Consider the Hilbert space H-n — Htt<E)L'^N and observe that this is an. N (E) N- 
bimodule with respect to the left and right actions which satisfy 

(6) {x <Si z){^j, <Si ri){y <^ t) = {x ■ ^1 ■ y) <^ {z-qt), 

for all x,y,z,t G N,^ & Htt and 77 G L^N. 

We define a linear map S : {A »aig ^) <E) N Ti,^ by linearly extending the 
formula 

(7) 5{{au\) ® x) = 5{au\) ® X, 

where a € A, 7 S F and x (z N. Since (5 is a closable, real derivation on N we have 
that 5 is a closable, real derivation on N ^ N. In fact 6 is nothing but the tensor 
product derivation 5 ig) as defined in Section 4.2 of [PS09 . 

Associated to each closable, real derivation 6 is the resolvent deformation given 

by 

(X 1 

(8) pa = Cq = (Pq)^, for all a > 0. 

a + 0*0 

From [Sau90[ IPetOQb) it follows that pa and (a are two families of r-symmetric, 
unital, completely positive maps on N such that for ail x ^ N we have that — 
Pa(a;)||2 — >■ and \\x — Ca(a;)||2 — >■ as a — > 00. 

We let {Ha,£,a) be the pointed A^-bimodule corresponding to the map (see, 
for example, [Pop86| )and define the map Sa ■ N ^ Ha® n^Htt® nHqi by the formula 

(9) 5a{x) ^ a'^^a®N {5 O Ca){x) ®N S,a, 

where ®m denotes Connes' fusion product of A^-bimodules. After a closer exami- 
nation the reader may observe that when 5 is comes from a cocycle c as described 
above then the A^-bimodule T-La is nothing but "Htt^ , where tt^ is the the represen- 
tation of of F which corresponds to the positive definite function 7 — > \J a+\\c(^^ ^' 

Likewise, associated to 5 are two families of r-symmetric, unital, completely 
positive maps on N ® N given by 

(10) Pa — = Pa® id, Cq = (Pa)^ = Qa ® id, for all a > 0. 

a + 5*5 

Define the Hilbert space "H" = {T-La®NT~L-K®NT~La)®L?'N which we endow with the 
natural TV (g) A^-bimodule structure and consider 5a : N ® N ^ the map given 
by the formula 5a ~ 5a ® id. 

In the next two propositions we summarize a few basic properties of 5a that will 
be used extensively throughout this paper. For proofs of these facts the reader may 
consult Section 2 in [Pet09b or Section 4 in |OP10j . 
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Proposition 2.1. Using the above notation suppose x G N. Then we have the 
following: 

(11) \\x - Pa{x)\\2 < ^^(a;)!! < \\x - Pa{x)\\^ ; 

(12) 6a is a contraction, i.e., \\6a(x)\\ ^ ||a;||2 ^ l|a;||oo; 

(13) The function a i— > ||(5a(a;)||^ = T{{id~pa){x)x*) is decreasing. 

Proposition 2.2. Using the above notation, for all a > and a,x d N we have 
the following inequalities: 

\\a6a{x) - Sa{ax)\\ ^ 50|lx|Ulla|li|l<Sa(a)||^; 

i I 

ll^a(a)|| " ■ 

As noted before, pa converges pointwise to the identity on N with respect to 
II '112 and therefore, by (jlip above, this is equivalent to 5^ converging pointwise to 
zero on N. The next lemma shows that in fact this pointwise convergence holds 
even when passing to certain (larger) ultrapower algebras associated with N. 

Lemma 2.3. Let S be normal subgroup of T and assume that T admits an un- 
bounded 1-cocycle which vanishes on E. Let 6 be the closable real derivation asso- 
ciated to this cocycle, as described above. For every x — (a;„)„ S (A x E)'^ W N we 
have 

(14) lim lim ||(5a(x„)|| = 0. 



Proof. Fix an arbitrary e > 0. Since x = {xn)n & {A» E)'^ V N and E is normal in 
r we can find a finite set C F of cosets representatives of E in F such that 

(15) lim ||a;„ - i?i^(a;„)||2 ^ ^, 

where Rp denotes the projection from L'^N onto the L'^-closure of sp{au^ \ a € 
A XI E,7 e i^}. 

Also, since 6a converges pointwise to zero and F is finite, there exists such 
that for all 7 e and a > we have 

(16) \\SaiUy)\\ ^ 



2\F\\\x\\ 



Since the cocyle vanishes on E it follows that (5|^x]S ~ and using this in 
combination with inequalities ||5Q(rn)|| ^ ||™||2 and \\EAyi^{xnu\)\\oo ^ Ha^nlloo, 
for all n € N and a > we have: 

||<5a(a;«)|l ^ \\x„ - RFiXn)\\2 + \\6ai^ EA^i:{xnul)ux)\\ 

■jeF 

^ Xn RF{Xn)h+y] \\Ea *\)6a{u\)\\ 



-f&F 



< 



RF{Xn)h + Y.M-o\K{ux)\\. 

7GF 



Taking lim,n.(j above and combining this with (|14p and (|15p we obtain that lini„_j.tj 1 1 (5q, (x„ ) 1 1 ^ 
e for all a > ag. Since e > was arbitrary we obtain the desired equality. □ 
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In the previous lemma the normahty assumption on S was made only for con- 
venience. The same statement holds if we drop it. 

The iV-bimodules "Htt coming from representations tt often inherits many useful 
properties from tt. For instance, as observed in |PS09[ IPetOQc] . if tt is a mixing 
representation, then is mixing relative to A. More generally, this also holds in 
the setting of groups that admit mixing representations with respect to subgroups. 
Below, for reader's convenience, we include a proof of this fact. Given a group 
r with a subgroup S < F, and a representation tt : F — )• U{IC), we say that tt 
is mixing relative to E if (7r(7„)^,?7) — ?> whenever the sequence 7„ escapes any 
left-right cosct of S in F. 

Lemma 2.4. Let T, <T be groups and let tt : T ^ U{IC) be a representation which 
is mixing relative to E. If ^,ri E ICn = K.®LF'N and {cn)n,{dn)n G such that 
(c„)„ _L N{A X Y.)'^N m L^{N'^), then 

(17) lim (c„Cd„,77) = 0. 

n— fcj 

Proof. Using basic approximations in IC-^, it suffices to prove (jl7|) only for elements 
of the form ^ = ^i ^2 and = ??i ® 772 with ^1, ?7i & JC and ^2, '72 € N. As vectors 
of this form are left-bounded (see Chapter 1 in |Pop86| ) we may use the Fourier 
expansion c„ — X^-yep '^"''^7 and the A'^-bimodule structure of /C to show that 

(18) {Cn^dn,v) = (5IW7)Cl)<8((c>7)6'^n),?7l0r/2) 

= T{(^{TT{'y)^i,T]i)c!^U^)£_2dnV2)^ 

where the element X]7ep('''(7)Cii ^i)c"'^7 belongs to N by |DCH85) . 

Fix an arbitrary e > 0. Since the representation tt is mixing relative to E there 
exists a finite set F C F such that |(7r(7)^i, ?7i)| < e for every 7 e F \ FEF. 
Therefore, using this in conjunction with ([T8| and the Cauchy-Schwarz inequality 
we obtain that 

\{cn^d„,v)\ < \r{i J2 (^(7)Ci,^i)c>A)6dn%)| + |r(( ^ (^(7)^1, '7i)c>A)6rf«%*)l 

7eFSF 7eP\FSF 

^ \rii J2 (^(7)ei,'7i)c>A)6rf„%*)l + ll E (^(7)ei,%)c>A||2||6d„%1l2 

7eFSF 7eP\FEF 

||allhl||||6dn%*l|2( l|c7ll2)H£||c„||2||6rfn%1|2 
7eFSF 

N«||2||ei||||r/l||||e2||oo||%*||oo( J2 11^7112)^ +e||Cn||2||d„||2||6l|oo||%*||oo. 



7eFSF 



Since (c„)„ _L N{A x T,'^)N and F is finite we have that lim„_>^ J2jeFSF ii"'7 112 — 
0. Combining this with the above inequality we conclude that 

lim \{cn^dn,ri)\ <e lim |lc„||2|ldn||2||C2| 00 1 1 "^72 1 1 CXD 00 1 1 ''?2 1 1 00 ■ 

Since s > was arbitrary, we have lim„^^ \ {cn£,dn,Ti)\ — 0. □ 
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For further use, we recall from jPetOQbj the following convergence property for 
the resolvent deformations. We also include a proof for the sake of completeness. 

Theorem 2.5 (compare with Theorem 4.5 in [PetOQbj ). Let N be as above and 
let B <Z N a subalgehra and p € B' H N such that Bp t^jv A x T,. If 5^ converges 
uniformly to zero on (-B)i then S^. converges uniformly to zero on p(Mn{B)")i. 

Proof. Let u G J\fN{B). Since by assumption da converges uniformly to zero on 
{B)i and u E J\fN{B) then for every s e N there exists (3l > such that for all 
a > Pi and all n G N we have 

(19) \K{vn)\\ ^ - and \\Sa{uv*„u)\\ ^ -. 

s s 

Also since 6a converges pointwise to zero there exists > such that for all a> 01 
we have 

(20) \\5a{p)\\ ^ \. 

Notice that since Bp t^^t A by Corollary 2.3 in [?] there exists a sequence of unitaries 
Vn & B such that for all x,y G N we have \\EA{xVnPy)\\2 — >■ as n — >■ oo. Therefore 
applying Lemma 12. 4[ for every s G N there exists ks E N such that for all n > kg 
we have 

(21) \{VnpSa{pu)u*VnU,Sa{pu)) \ SC -. 

S 

Since Vn and u are unitaries then applying Proposition 12 .21 a few times and using 
([TOl) . (pg]) and (ini), for all a > ma.x{l3l,(3'^} and all n > k^ we have 

\\Saipu)f < 2\\p6a{pu)f + 5000||,5„(p)|| 

= 2\{VnpSa{pu)u*VnU,VnpSaipu)u*VnU)\ + 5000| | (5q (p) || 

S$ 2\{VnpSa{pu)u* VnU, SaiVnPUU* VnU)) \ + 100| | (5q (Wnp) 1 1 2 + 

+ lOO\\Sa{u*VnU)\\^ + 5000||(5„(p)|| 
= 2\{VnpSa{pu)u*VnU,da {pu))\ + 100||<5„(f„p)||^ + 100\\Sa{u*VnU)\\^ + 5000\\Sa{p)\\. 

2\{Vr,pSa{pu)u*V„U,Saipu))\ + lOOiWSaMW + 50\\6aip)f^)^ + 

+ 100\\Sa{u*VnU)\\^ + 500011 (5„(p) II . 

^ 2 ^^^,1 50,1 100 5000 

s; - + ioo(- + — )2 + — + . 

S S S2 S2 s 

This shows that 6a converges to zero uniformly on pMiq{B) and the conclusion 
follows from a standard averaging argument. □ 



For technical reasons that will become apparent in the proof of Lemma 13. 1[ 
we present here an upgraded version of Lemma 12.41 More precisely, we show the 
convergence ((T7)) still holds if instead of fixed vectors ^ and rj in /C^ one considers 
5a{xn) and 6a{yn) for any sequences (a;„)„, {yn)n € (^ x S)" V N . We note that, in 
contrast to Lemma EU here we use that S is a normal subgroup of F in an essential 
way. 

Lemma 2.6. Let E be normal m F, tt : F — >■ lAiJC) be a mixing representation 
relative to S and assume that F admits an unbounded cocycle into K. that vanishes 
on E. Let 6a ■ N Ha (^n (^n Ha be the deformation obtained as before. If 
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{xn)n,{yn)nAcn)n, {dn)n G iV" such that (c„)„ _L N {A X E)"7V m L^{N'^) and 
{xn)n, {yn)n G (A X S)" V N, then for every a ^ we have 

(22) lim{Cn6a{Xn)dn,Sa{yn)) ^ 0- 

Proof. Denote by Ci = sup„ ||c„||oo, C2 = sup„ ||d„||oo, C3 = sup„ ||a;„||oo, C4 = 
sup„ ||?/„||oo (Ci,2,3,4 < 00) and fix an arbitrary e > 0. Since (x„)„, (2/„)„ e 
(A X E)"^ V -/V and S is normal in F one can find finite sets Fi,F2 C F of cosets 
representatives of E in F sucli that 

(23) lim ||x„ - RFi{xn)\\2 < £ and lim ||y„ - i?F2(2/ri)||2 < e, 

where denotes the projection from L'^N onto the L^-closure of sp{auj \ a E 
A X E,7 e F}. 

Applying the Cauchy-Schwarz inequality together with ||mCn|| ^ ||w||oo||?^||oo||CI|j 
||'5Q(m)|| ^ ||m||2 ^ ||m||oo and ||i?_F(TO)||2 ^ ||m||oo, for m,n G N-( & H) we then 
have that 



(24) 

lim \{CnSa{Xn)dn, Saiyn)) \ ^ 
n—^uj 

^ lim (|(c„(5„(x„ - RpAXn))d,i,Sa{yn - RPiiyn)))] + |(c„(5q (i?Fi (a^n))^™ , (^a (?/« " ^^2(^11))) I 

n— >a; 

+ \{CnSa{Xn - i?_Fi (x„))(i„ , (5a (i?F2 (j/n) )) I + |(Cri^Q (i?Fi (a^n))'^" 7 <5a (-R-F2 I ) 

CiCae^ +CiC2C3e + CiC2C4£+ lim |(c„(5„(i?Fi(a;„))d„,(5„(i?F2(yn)))l- 

Also, by employing the formulas Rp^Xn) = J2^eFi Ea>it:{x„u*)uj and i?F2(2/ri) = 

J2-feF2 EAA^{ynU*)uy, together with = we have that 

(25) 

\{CnSaiRFiiXn))dn,SaiRF2iyn)))\ ^ K-^A Ea *)5a("7)rfn,^Q(uA))|- 

7eFi,AeF2 

Since tt is a representation of F which is mixing relative to E it follows that 
tTq (g) TT (g) tTq- is also a mixing relative to E. Since the A^-bimodule HoMN'H-TT'^N'Ha 
is nothing but the A^-bimodule coming from the representation tt^^tt(E)tt^ of F, and 
since the normality assumption of E in F implies {EA>is{u\y^)cnEAyi^{xnU*))n -L 
N{A X E)'^7V in L'^{N'^) for ah 7 e Fi and A e F2 then Lemma and relation 
(PSj) give that 

lim \{CnSa{RFiiXn))dn,Sa{RF2iy7i)))\ =0. 

Combining this with inequality (|24p we obtain that 

lim |(c„5„(a;„)d„,(5„ (?/„)) I ^ CiC2£^ + CiCaCge + CiCaQe. 

Since £ > was arbitrary we conclude that lim„_j.t^ |(cji<5a(a;n)rf„, (?;„)) | =0. □ 

3. A CRITERION FOR UNIFORM CONVERGENCE OF RESOLVENT DEFORMATIONS 

In this section we exhibit a criterion for uniform convergence of the resolvent 
deformations on certain subalgebras (^Theorem I3.2p . Roughly speaking, if the re- 
solvent deformation arising from a derivation into a mixing bimodule is small on 
"sufhciently large" sets of elements normalizing a given abelian subalgebra B, then 
da converges uniformly on the unit ball of B. Our proof of the criterion is done in 
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two steps; first, in a technical lemma (Lemma 13 . 1 1 below) we adapt the infinitesimal 
analysis developed in |Pet09c| to show that there are infinitely many translations 
by large projections of the unit ball (-B)i on which Sa is uniformly small; then we 
use a convexity argument to show this implies that 6a converges uniformly on the 
unit baU of B (Theorem below) . 

To introduce the precise statements of the results we first establish the following 
notation. Let E < F be a normal subgroup and let tt :T ^ U{IC) he a, representation 
which is mixing relative to S. Assume there exists an unbounded cocycle c : F — > /C 
which vanishes on S. Let T r\ Ahe a trace preserving action, denote hy M = AyiT 
and consider Sa ■ M ^ 'Ha®M'H-,r®M'Ha corresponding to c as above. Also, assume 
that i? C A/ = A XI F is an abelian algebra. 

Lemma 3.1. Using the above notation, assume there exist an infinite subset J- C 
A/jv/ (-B) and a nonzero projection r ^ J-' C] M satisfying the following property: 
For every /c S N there exist > and a sequence {v^ \ n £ N} C T such that 



Then one can find a constant D > such that for every s G N there exist 
rg G M with < ^ 1, and positive numbers Eg, f^g > 0, such that for all a > fig 
and b G 1A{B), we have 



Proof. Denoting by Vk — (w^)ngN S -Af" we demonstrate the lemma by distinguish- 
ing two cases which we will treat separately. 

Case I. First we prove the lemma under the assumption 

limsup( sup ||-B(AxS)-vM(™fc&^'fc) - "fc^Wfelb) = 0. 

Observe that by applying Proposition l2.2l together with some basic computations 
we obtain that for all n, fc G N, 6 G U{B) and a > we have following inequality: 



\K{rb)r = HSa{rb){v^J*r 

= {v'jairb){v^r,v';Mrb){v';X) 

^ |(i;^<5„(6)(«^)*,5„(i;^6(i;^)*))| + 100||<5„(i;^)||U50||5„(r)||i 



Next, for every k e N consider (y^)„ = £'(yixiE)-vM(^'^7'^(w^)*)- Using the 
inequality ||(5q,(x)|| ^ ||a;||2 for aU x G M, we have 



(28) \{vtrSamv'^r,Sa{v'r.rbiv':X))\ 

< \{v'Mb){v'^r.Saiy'n))\ + \{v,.rSamv':r.Saiv'^rbiv'^r - yn))\ 

< \{v'„rSamv^r,Sa{y'j)\ + Urbiv'j* ' Vnh- 



(27) 



(26) 



WSaiVn)^ < for all a> ak,k,ne N, 
\\EA-xisixrv'liy)\\2 — > as n ^ oo, for each fc G N. 



Sa{rsb)\\ < Eg, 
T{rrg) > D, 

Eg — > as s —> OO. 
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Fix s e N and notice that since linisupj,(supf,g^(5) \\E(Axs)'^vM{vkrbvl)—Vkrbvl\\2) = 
there exists a natural number I ^ s such that 

(29) hm \\vlrb{vl)* - yl,\\2 < - for aU b e U{B). 

Also, since satisfies d^T]) we have that (rujj)„ ± M(A x i;)'^M. There- 
fore, since (?/Jj)„ G (A xi S)" V Af we can apply Lemma 12.61 to conclude that 
lim„^^ \{rvl^Sa{b){vl^)* ,Sa{yn))\ = 0. Finally, using this in combination with (1^ . 
(|29| and (|26)) and we obtain that 

mrb)r ^ lim {\{rvlS^mvlr,S^{yl))\ + WvlMvlT " vlh + msMW^ + 50||c 

^ 1 100 50 ^ 1 150 ^ „ J ^ 

^ - H ^ H r =^ - ^ r for all a > and 6 e 

S I2 S2 S S2 

Therefore in this case the conclusion of the lemma follows once we let = r, 
D = r(r) >Oandes = - + ^. 

^ S2 

To complete the proof it remains to treat the other possibility, therefore we will 
prove the following: 

Case II. The conclusion of the lemma holds under the assumption 
limsup( sup \\E(^A>iS)^wN{vkrbvl) - Vkrbvl\\2) > 0. 

k beU{B) 

Therefore after passing to a subsequence of Vk , this condition implies that there 
exist C > 0, and a sequences of unitaries dfc ^U{B) such that ||i?(^>^x;)"vM('"'^fc'^fct^fe)||2 < 
||r||2 - C for each A; e N. 

Denote by Ck — Vkdkvl and notice that if one extends the polar part of i?(AxE)"vM(cfc) 
toaunitaryufe € (Ax I])'^VA'/ then we have that i?(AxS)"vM(ufeCfe) = |i^(AxiE)'^vM(cfe)|. 
Let pfc e (Ax E)"VM be the spectral projection of |-E(yixiE)'^vM(cfc)| corresponding 

to the set [0,1-f). This implies II |£;(A>,s)-vM(cfc)|(l-Pfc)r||2 ^ (1-§)||(1-Pfe)r||2 
and using the triangle inequality we obtain 

\\rpk\\2,u, ^ ||r||2,u; - |k(l -Pfc)||2,^^ 

1 



r\\2M - c lll^(^>'S)'^vA/(cfc)|(l -Pfc)r||2,c^ 



1 _ ' 

^ 2 



\r\\2M ~ -c\\E{A>iY:y-^vAi{ck)r\\2,u 

1 ~ TT 



2 



> II II ll'^lb-g > c 



It then follows that (2-c)^ ^ {''^Pk ) and notice that we also have 

lb*;|-E^(yl>ciE)'^VM(cA:)|||oo = ||Pfe£^(yl>ciE)'^ VM ("feCfe) || oo 

c 

2"' 

We may assume that cj. = (cjij)„ with unitaries in B, pk = {Pn)n with pro- 
jections in M such that ^ ■^w((Pn)ra)i "I- = (("«)*)« '^ith unitaries in M, 
and -E(^x,E)-vM(MfeC/cPfc) = (2/^)„ with Hy^Hoc. ^ 1 - f for all n, fc. Since pfc com- 
mutes with |£^(AxE)-'vM(cfe)| we have E(^A>,s)-vM{u*k(^kPk) = £^(AxiE)"vM(PfcMfeCfe). 



-E'(yl>clS)'^VM("fcCfePfe)||oo ^ 1 
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This implies that pfci;(Axs)"vAf("feCfcpfc) = E(A>iT.)-'yM{ulckPk)pk = Ei^A-AT.)-'yM{ulckPk), 
thus lim„^„ WVnPn - Vnh = and hm„^„ WVnPn ^ Vnh = for all k. Therefore, 
by replacing with p'^y^p^ we may assume in addition that p^yn = VnPn ~ Un 
for all n, k. 
Denote by 



(u: 



and C 



C(4-C) ~ 

(1 — (1 — and we show next that for all n, fc e N and b G U{B) we have the 

following inequality: 

(30) WUPrMr ^ C'{\{utttSMb)ictr,S^{b))\ 

+ |(<5„(pf,6),(y^)*z^546))| + 100||<5„(p,^;)||^ 
+ 100\\6M\\-' +WOO\\da.{v^)\\i). 

Fix b G U{B). Applying Proposition 12.21 several times and using [6, cj^] — 0, we 
obtain the following estimate: 

(31) |<5„(p^6)|p ^ {5^{ptb)^5^{ptb)) 

^ |(«)*cf,p^5„(p^6),(«^)*c:;<5„(6))| + 50|1<5„(p:;)||^ 
sc: |(2;^;<5„(p:;5),«)*c:;<5„(fe))| 

+ \{ti5o.{p'j),{u^sc'jo.m+mM)\\'^ 

^ \{yt5^{p':b),{uiYci5^{b))\ 

+ |(zifA(pJi6)(c:;)*,5„(6))| + ioo||<5„(cfJ||U50||<5„(p:;)||i 

2/^ and Proposition l2.2[ together with inequal- 



Using the identity y^Pn 

ity b^lloo < 1 ^ 



Y we have 



(32) Un6o.{:pib),{u''Scl5o.m\ 

^ \{yt5Mb),pl{<rcl5^{m 

\{yi5^(plb)A{b))\ + \{yl5^{p^^b),zl5^{b))\ 
Ujc.{ptb)f + |(y,';^„(p^6),z^<5„(6))| +50||<5„(pJ^)||^ 



I tin 1 1 oo 



(1- 



l'5a(p:;6)|P + |(<5a(pJi6),(y:;)*^,t'5a(6)])|+50||5„(p,^;)||^ 
|<5„(p^6)||2 + |(5„(p^6),(y,';)*z^5„(6))| +50||5„(p,^;)||i 



Finally, Proposition 12.21 and inequality (a; + y)2 ^ + y2 for x,?/ ^ imply 
that ||5a(c^)||^ < 10||(5a(D^)|j3 + ||(5a(dfc)||3. Combining this with ([32]) and ^ we 
obtain (pOl) . 

We will now demonstrate how the above inequality pop implies our lemma. Fix 
an arbitrary fc G N and observe that since {p^)n e (>1 X S)'^ V M and 4 e ^ there 
exists > such that 



(33) 



lim ||^„(p,^;)||,||(5„(4)|| 7 for aU a > Pi- 



Next, since (u^)„, ((y^)*)„ G (Ax S)"VM we have that £;(AxE)-vM((uJ;ifJ 

(((y^)*z^)„) = 0. Also, it is clear that (p^6)„, 6 = (5)„ G (A x S)" V M 



(AxE)'^VM 

and hence Lemma 12.61 implies that for all a > we have 
(34) lim |(u^t^<5„(p^6)(c^)*,<5„(6))| = 0. 
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and 

(35) lim \{6Mb)AynrzXib))\=0. 

Taking lim„^tj in inequality ([50)1 ffor k = s) and using successively ([55)) . 
and ([55]) we have that for all & e 1^{B), and a> (il — max{/3g, as}, 

lie / SLMI9 ^ w,200 1000, 

Using again Proposition l2.2l and in conjunction with the previous inequality 
we have that 

/o^^ ,• 1/ /L^ c /i^NM ^ ^//200 1000, 100 

(36) hni |(p^,5„(&),(5„(6))| < C7'(— + —^) + — , 

for alla> and6ei/(B). 

By considering a subsequence, we may assume that p6p holds as n — cx) and 
that pfj converges weakly to Xg G M . Since each is a projection satisfying 
^ '''(^Pn) have that then ^ ^ 1 and (2-c)'^ ^ '''('^a^s)- Using the 
weak continuity of the left action of M on inequality (|36l) implies that for all 
a> Pi, beU{B) 

/ r r /.^\ ^ ^//200 1000, 100 

S 2 s 4 s 2 

Denote by Ts = x] and let > such that ||(5Q(rs)|| ^ i for all a > (3^. 
Combining this with (|37p and Proposition 12.21 if we let f3s — max{/3j , /S^ } then we 
obtain that 

lie / .Ml' ^ w/200 1000, 200 
||<5a(r,6)||- C'{— + ^) + — , 

S 2 S 4 S 2 

for all a > and b G W(B). 

Finally, since for every s G N we have ^ t{'''^s) ^ Tirvg), setting D — 

-p^^ and Es = [C"(^ + i^oo) 2001 i cojnpletes the proof of the lemma. □ 

Next we use the previous lemma to show the main result of the section. 

Theorem 3.2. Using the above notation, assume there exist an infinite subset 
J- C Hm{B) and a nonzero projection r G T' DM satisfying the following property: 
For every k E N there exist > and a sequence {w^ | n G N} C such that 

(38) \\So.{v'^)h < I for all a > ak,k, n G N, 

(39) \\EA>ii:(xrv'^y)\\2 as n 00, for each fc G N. 

Then there exists a nonzero projection q G Z{MMiB)") such that rq ^ and 5a 
converges uniformly to zero on q{B)i as a 00. In particular, if B is semiregular, 
then 5a converges uniformly to zero on the unit ball {B)i as a 00. 

Proof. Applying Lemma [XTl there exits a constant D > such that for every s G N 
there exist G M with < rs ^ 1, and positive numbers Eg, > 0, such that for 
all a > /3s and b G U{B), we have 

(40) \\5a{rsb)\\ ^ es, 

(41) r(rrs) ^ D, 

(42) £s i as s 00. 
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Next we use these relations in combination with a standard convexity argument 
to show that Sa converges to zero uniformly on qU{B). 

Passing to a subsequence if necessary we can assume that converges weakly 
to X for some x € M. The above inequalities imply that < x ^ 1 and T{rx) ^ 
D. Moreover, for every s e N there exist nonempty, finite set Fg C N, scalars 
Eis-F /^f ~ 1 ^^-d positive numbers e'g > such that 

(43) ks = min(i^s) t oo, as s — >• oo, 

(44) \\x-J2^,tnh^e',, 

(45) e!, t oo, as s — oo. 

Let Pi = max/eF, A- Therefore, using (jH]) and (gOl), for aU b £U{B) and a > Pi 
we have the following 

(46) \\S^ixb)\\ ^ ||^a((x- ^M?^.)fc)ll + ll'5a((E/^^'^^)^)ll 

i&Fs 

Also, since xr ^ 0, there exists c > such that if p denotes the spectral projection 
of x corresponding to the set (c, oo) then we have that pr ^ 0. Next, for every 
s S N we let > such that for all a > we have 

(47) ll'5o(p)IK-, ||<5.(a;)|K i. 

s s 

Therefore, using Proposition 12.21 together with inequality cp ^ x and relations 
(|ini)-(|171), for all s eN, be U{B) and a > max{/3], /3^} we have the following 

\\6o,{pb)\\ \\p6^{b)\\+50\\6^{p)\\^ 

^ i||x^„(6)|| +50||J„(p)||5 
c 

sc: i(||<5„(x6)|| +50||<5„(a;)||5)+50||(5„(p)|l^ 
c 

1 . / 50, 50 

(48) -{e's + sk^ + —) + —. 

C 

Notice that since fcg t — >■ and e',, — >■ as s — >■ oo we have that i(e^ + e^^ + 
-^) + -^ — >-Oass— >-oo and hence we conclude that 6a converges uniformly to 
zero on p(B)i as a — )• oo. 

Consider the partially ordered set 
V = {p G A/, projection | 5a converges uniformly to zero on q{B)i}, 
where the partial order is given by the regular operatorial order. 
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The first part of the proof shows that p e V and therefore T is nonempty. Given 
any increasing chain S V let poo to be the supremum of pt's. 
Then for every s G N there exists is such that 

(49) Ik. -P00II2 ^ -. 

s 

Also, since ba converges uniformly to zero on pt^(i?)i, for every s G N there 
exists /3f > such that for all a > /^^ and h e (B)\ we have 

(50) ¥o.{v.M\ ^ -■ 

s 

Therefore, using the triangle inequality together with (|49p - ([50|) . for every s G N 
there exists > such that for all a> and h G (-B)i we have 

(51) ||^a(Poo6)|| S; ||5c((Poo-p.J&)|| +||'5a(p..&)|| 

S; ||(Poo-p.J||2 + ||(5a(p..fc)|K -. 

S 

This shows that ba converges uniformly to zero on Poo(5)i- 

By Zorn's Lemma, T contains a maximal element which we call q. Fix u £ 
Nm{B), since 5^ converges uniformly to zero on q{B)i and u e Nm{B) then for 
every s G N there exists /^^ > such that for all a> ji'l and h G (-B)i we have 

(52) \\5o.{qu*hu)\\ ^ 

s 

Also, there exists /3f > such that for all a > /3f we have 

(53) \\5o.(u)\\ -. 

s 

Therefore, using Proposition l2.2l in combination with (|52p and ([SS)) . for every s G N, 
a > max{/35,/34], and h G (B)i we have the following 

\\5^{uqu*h)\\ |1m<5„(9u*5u)u*|| + 100|l(5„(u)||5 

= ||(5„(gw*6M)|| + 100||(5„(w)||^ 
1 100 

- + — ■ 

S S2 

This shows that 5a converges uniformly to zero on {uqu*){B)i and therefore 5a 
converges uniformly to zero on {uqu* + q){B)i. For any c > denote by q^ the 
spectral projection of uqu* + q corresponding to the interval [c, 00) and let r,. be 
the inverse of qduqu* + q) in qcMqc- Since 5a converges uniformly to zero on 
{uqu* +q){B)i then by using Proposition 12.21 again we obtain that 5a converges to 
zero uniformly on r^uqu* + q){B)i — qc{B)i. Since this holds for every c > we 
conclude that 5a converges to zero uniformly on qo{B)i where go — supp{uqu* + q) 
Since supp{vuqu*v* + q) = uqu* V q and since q was a maximal element of V we 
have that q = uqu*\/ q, or equivalently, q — uqu* . Since the above procedure can be 
done for any u G Um{B) we have that q G 7Vj\/(B)' n M and thus q G Z{Um{B)"). 
Also, notice that a similar argument as above shows that q is the unique maximal 
element of V. Combining this with the first part of the proof we have that q ^ p 
and therefore gr 7^ 0. □ 
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4. A Transfer Lemma 

For the transfer lemma that we cover in this section we need some prehminary 
resuhs on Hilbert bimodules. The following lemma is well known to the experts 
and we include a proof only for completeness. 

Lemma 4.1. Suppose that B is a diffuse amenable von Neumann algebra, A is a 
countable discrete group, and A r\ B is a trace preserving action such that N — 
_B x: A. Let H be a Hilbert N -bimodule. Let A : iV — >■ N®N be the *-homomorphism 
defined by A(^ b\V\) = ^ ^a^'a v\ where A G A and b\ G B , and consider the 
N -bimodule L'^N®'H where the left-right N-actions satisfy x ■ ^ ■ y ~ A(a;)^A(y) 
for all x,y G N,£^ G L'^N®'H. If the N -bimodule TL is weakly contained in the 
coarse bimodule then the N -bimodule L'^N®'H is also weakly contained in the coarse 
bimodule. 

Proof. Since, as A^-bimodules, % is weakly contained in L'^N1§L^N it follows that, 
as A'^A'^-bimodules, L'^N®'H is weakly contained in L'^ N®{L'^ N^L"^ N) and hence 
it is enough to consider the case when T-L = L'^N^L'^N . 

In this case if we consider an orthonormal basis for L^B, and consider 

the vectors r] — 1® [hiVu ® bj) and ( — 1 {bkVh' ^ h) then a routine calculation 
shows that 

{bv\ ■ r] ■ b'vy,() = Sx^eSy ,eSjj5hji'S^^kT{bb') = T{EB{bv\)b'vy) 

This then establishes a Hilbert A^-bimodule isomorphism between L"^ N ^{L'^ N ^L^ N) 
and L'^{N, 63)®°°- Since B is amenable the previous bimodule is weakly contained 
in the coarse bimodule. □ 

For the rest of this section we will use the following notation. 

Notation. For 1 ^ i ^ 2 let F^ G CTZ and let fli C F^ be an i.c.c. subgroup with 
relative property (T). Denote by F = Fi x F2 and fl = fli x ^2 and assume that 
F ^ is a trace preserving action on an abelian von Neumann algebra A such that 
A = A X F is a factor. Suppose that B is an abelian algebra, A is an i.c.c. group and 
Ar\P B a, free action such that N = AxT = B y\pA. Let A : A A^A be the *- 
homomorphism from the previous lemma defined by ACEx^^bxyx) — J^\^Ab\Vx'Siv\ 
for A G A, and b\ G B. Also, as in Section [1] for every i we denote by F(j-) the 
subgroup of F consisting of all elements in F whose i*^ coordinate is trivial. 

Since F; G CTZ for all 1 ^ i ^ 2 there exists a corresponding unbounded cocycle 
into a mixing representation which is weakly contained in the left-regular repre- 
sentation. As explained in Section [2l associated to such a cocycle is a closable 
real derivation <5* : N —>■ Hi, such that the A-bimodule Hi is mixing relative to 
A XI F(j), and such that (5^ does not converge uniformly on (A)i. Also, we denote 
by (5* = (8) (5' : A(g)A — > L'^N(E)Hi the tensor product derivation as described in 
Section H 

Next we show two non-intertwining lemmas which will be very important in 
establishing the main result of this section. 

Lemma 4.2. Using the notation above, for all 1 ^ j ^ 2 and qj G A(Lf2j)' H 

(A(g)A) nonzero projections we have that /S.{LVLj)qj T^^v^Af ^®A. 

Proof. We will proceed by contradiction. So assume there exits 1 ^ j ^ 2 and 
q, G A(Lfi,)' n {N^N) such that A(Ll]i)gj ^jv^at 

N®A. Since A is abelian then 
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N(E)A has the relative Haagerup's property with respect to N(S)1 and therefore by 
Lemma 1 in [HPVIO] we have that 

Then by Lemma 9.2 (i) in jloalOj this would further imply {LQi)qi B, which is 
obviously impossible because Lfl is a nonamenable factor while B is abelian. □ 

Lemma 4.3. Using the notation above, let 1 ^ j ^ 2 and p G A{Liiy n {N(E}N) 
a nonzero projection such that A{Lil.)'^p C {Ni^{A xi Fj))" xi ^(j)- Then for every 
1 ^ k ^ 2 we have A{Lrtk)p t^n'^n N'S${A x r(j)); in particular A{Lfl)p t^jv^jv 

N^{A X r(j)). 

Proof. We will proceed by contradiction. Assuming that A{L^lk)p -<is[^j~f N'^{A x 
Fq)), by Proposition 11.11 there exists p' a nonzero sub-projection of p such that 
A(I/^^)"p' C (Af®(ylxF(j)))" xiFj. Combining this with the hypothesis assumption 
we obtain 

A{Lflkrp' c [{N^iA X F(,)))'^ X Fj] n [{N^iA x Fj))" x F(,)], 

and hence A{LQ)'^p' C [{N®A)'^ x (Fi x F2). By Proposition [TT] again this further 
implies that A(Lr2fc)"p' ^jv^w N'^A. This however contradicts Lemma l43l and 
we are done. □ 

Lemma 4.4. Using the notation above, ifS^^ converges to zero uniformly on {N<S)LA)i 
then (7V®LA)" C iN®{A x F(j)))'^ x Fj. 

Proof. By proof of Corollary II. 2[ to get our conclusion it suffices to prove that for 
every g e {N^LAyn{N^N) = Z{N®LK) we have {N®LK)q ^j^^ ^^(AxF(j)). 

To show this we proceed by contradiction so assume that there exists qo G 
Z{N®LK) such that {N®LJ\)qo t^n^n N^{A x Fq)). Also since converges 
to zero uniformly on {N(E)LA)i then applying Corollary 2.3 in [Pop06b| , for every 
k & N there exists ak > and an infinite sequence of elements {u^ | n € N} C 
U{N®LK) such that 

(1) ll^^«)Kiforana>afc; 

(2) ll^^7V®(Axiro))(^'^n9oy)ll2 ^- as n ^ 00 for aU x,?/ e N®N. 

Then applying Theorem for F = F^, E trivial, M = N®N = {Nl§{A x F(j))) x 
Fj, i? = l(K)i?, and r — qo we obtain that 5^ converges to zero uniformly on 
(l^B)i. Applying Proposition l2.2l we obtain that (5^ converges to zero uniformly on 
{U{1®B)U{N®LK)) and hence on {N®N)i which is obviously a contradiction. □ 

Lemma 4.5. Using the notation above assume that for every 1 ^ j ^ 2 let pj € 

{N^LAyr){N^N) — l^{LA'r\N) be the maximal projection such that converges 
to zero uniformly on pj{N®LA)i. Then for every I ^ j ^ 2 we have that pj ^ 1 
and A{Ln){l - pj) j^n^n N^{A x Tj). 

Proof. First, we notice that if relations pi = 1 andp2 = 1 would hold simultaneously 
then by the previous lemma we have that (iVi^LA)" C {N^{A x Fq-,))" x Tj for 
every 1 ^ j ^ 2. This would further imply that 

(TV^LA)" c [{N^iA X Fi))" X F2] n [{N^iA x F2))" x Fi] = (N^A)"^ x (Fi x F2), 
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which by Proposition 11.11 gives that N^LA ^jv^w N(^A. This however would 
contradict Lemma 14.21 Hence we can assume without loss of generality that pi 7^ 1, 
or equivalently, < 1 — pi . 

Next, we proceed by contradiction to show that A(Lf7)(l — pi) t^n^n N(E}(A » 
Fi). So assume that A(Lf2)(l ~ pi) ^n'^n N'^{A y\ Fi) and by Proposition 11.11 
there exists a non-zero projection ri e A(Lri)' n N^N with ri ^ 1 — pi such that 

A(ir2)"ri C [N^iA >o Fi))'^ >^ F2. 

Since the pair (F, fi) has relative property (T) then the inclusion A(Li7) C 
N^N is rigid and therefore (5^ converge uniformly to zero on {A{Ln))i. Also by 
Lemma l473l we have that A(L51)ri t^tv^at N^{A xi F2) and applying Corollary 2.3 
in [Pop06b| , for every k G N there exists afc > and an infinite sequence of elements 
{A^|n e N} C n such that 

(1) \\6iiA{u^.))\\ ^ i for ah a > a^] 

(2) ||i?jY^(^^p^)(a;A(u;^fc )riy)||2 ^ as n ^ 00 for ah x,y e N^N. 

Then applying Theorem [32] for F = Fi, S trivial, M = iVW = (iV^(AxiF2)) xFi, 
B = A{A), and r = ri there exists a nonzero projection qi g Z{J\fj^-^j^{A{A))") 
with riQi ^0 such that (5^ converges to zero uniformly on qi{A{A))i. 

Next, we claim that (5^ converges to zero uniformly on ri{A{LTj))i for every 
1 ^ j ^ 2. For the proof just notice that since the pair (Tj, Vlj) has relative property 
(T) the inclusion {A{L^j) C N^N) is rigid and converges uniformly to zero 
on (A(Lr2j))i. Also, by Lemma [4.31 for all 1 ^ j ^ 2 we have A{Lilj)ri t^jv^a 
N(E){A >i T2) and therefore the conclusion follows from Theorem 12.51 

Moreover, applying the same maximality argument as in the proof of Theorem 
3.2, one can find a projection r' e Z(A(LF)' n N^N) with r'qi ^ such that dl^ 
converges to zero uniformly on r'(A(_Lrj))i for every 1 ^ j ^ 2. Since r' commutes 
with A(Lrj) for every 1 ^ j ^ 2, using Proposition l2.2l we obtain that jj^ converges 
to zero uniformly on r'(W(A(LFi)Z^(A(LF2)) and therefore on r'((A(Lr))i. 

Since converges uniformly to zero on q{A{A))i and r' commutes with qi then 
applying Proposition 12.21 one more time we obtain that (5^ converges uniformly on 
r'qiiUiA{LT))U{A{A))) and hence on r'gi(A(iV))i. 

Also, by definition, we have that 5^ converges uniformly to zero on (iV(g)l)i 
and therefore by Proposition 12.21 we conclude that S^^ converges to zero uniformly 
on r'qi{N(^LA)i. Since r' < 1 — pi we have that < r'qi ^ 1 — Applying 
the same maximality argument from the proof of Theorem 13.21 one can find a pro- 
jection r" e {N(E)LAy n N^N with r" ^ 1 — pi such that (5^ converges to zero 
uniformly on r" {N0LA)i. Altogether this gives that 5^ converges to zero uniformly 
on {pi + r"){N<SiLA)i which contradicts the maximality of pi. Therefore we have 
that A{m)il -pi) T^^^jv N^i^ X Ti). 

Notice that by Proposition [TTT] this implies that (A(Lrj))'^(l - pi) ^ {N^{A x: 
Fi))" XI F2 and hence (iV®LA)" ^ {N^{A x Fi))'^ X! F2. By Proposition [H] 
this further implies that does not converge to zero uniformly on (N^L A)i and 
hence p2 ^ 1. Proceeding as above we then have that A{Lil){l — P2) t^n^n 
N'^{A XI F2). □ 

These results on Hilbert bimodules and intertwining are used to prove a "trans- 
fer lemma" a la Popa-Vaes (Lemma 3.2 in [P V09| ) that will be of essential use in 
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the proof of this paper's main result. Roughly speaking, the lemma states that the 
presence of a rigid part on the source group can be transferred, at the level of resol- 
vent deformations, to "large" subsets of the target group. The proof is essentially 
the same as in jPV09] , the main difference being that here we use Lemma 14.51 in 
place of Lemma [4.11 used by Popa and Vaes. 



Lemma 4.6. Let ri,r2 G CTZ, F = Fi x r2 and let T r\ A a trace preserving 
action on an abelian von Neumann algebra A. Let B be an abelian algebra and 
K r\ B be a free action such that N — AyiT = B yi K. Then for every 1 ^ j ^ 2, 
fc e there exists ak > 0, and an infinite set of elements Sk C A, such that 

(54) < ^ /or an a > afe, A e 5, 1 < i ^ 2; 

(55) \\EA><rjixvx{l - Pj)y)\\2 for all x,y e N as X ^ oo, 
where pj is defined as in Lemma |^. 



Proof. Fix 1 ^ j ^ 2 and fc e N > 0. Since the pair (F, ft) has relative property 
(T) then we also have that the inclusion {Lil C LT) is rigid, and hence so is the 
inclusion (A(Lfi) C N'^N). 

Since {A{LQ) C N'^N) is rigid there exists ak > such that for all a > afc we 
have 

(56) \\Si o A(x)|l ^ for all x e {Ln)i and 1 ^ i 2. 

fcv8 

Fix w G LQ a unitary and let w = X^agA ™a^a with w\ d B he its Fourier 
expansion in S xi A = A^. If for every 1 ^ z ^ 2 we denote by = {X E 
^ I II'^q(''^a)||2 ^ ill then continuity of (5^, together with implies that for all 
a > ak we have 



1 



= ll'^L(5I(^A«A'»fA))|l' 

AeA 

= \\J2^wxvx)(E>Sl{vx)f 
AeA 

AeA 

AeA\S^ 

Therefore, we have that X^AeAVS' ll^-'^lli ^ i ^-^d since w is a unitary, if we denote 
by Sk — Sin Si then we conclude that for all w £ U{L{1) we have 

(57) J2 11^^112 ^ I 

AeSfc 

If ([55)) does not hold for this 5*^ then there exists a finite subset F C N and 
c > such that 

(58) J2 \\EA>.r,{z*vx{l-Pj)y)\\l^c for all XeSk. 

z,yeF 
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het L — L?N®L'^{N,eA-ATj) and consider the vector ^ — ^^^^pl®{z*eA~ArjZ) e 

C. 

Using relations (1571) and ([55]) we then obtain the fohowing inequahties 
(AH(1-P,)e(l-P,)AK),0 = Ell"'^ll2(E l|i?A.r<„(^*«A2/)(l-p,)||^) 

AeA z.yeF 

3c 

^ c ^ ||wa||2 ^ Y for all w £ Z^(Lfi). 

AGSfc 

This implies that the unique || • ||T-xTr-niininial vector in the convex hull of 
{A{w){l —pj)^{l —pj)A{w*) I w G U{Lrt)} is nonzero and A(ir2)(l — pj)-central. 
However this contradicts Lemma 14.51 □ 

5. Uniqueness of group measure space Cartan subalgebras 

In this section we use the above transfer lemmas in combination with the crite- 
rion for uniform convergence of the resolvent deformations to prove unique group- 
measure space Cartan results. More precisely, our main result shows that any free, 
ergodic action of any product groups belonging to CTZ gives rise to a von Neumann 
algebra with a unique group measure space Cartan subalgebra. 

Exploiting techniques from [PetOQc] we prove first the following key intertwining 
result. 

Theorem 5.1. Let ri,r2 G CTZ, F = Fi x r2 and let T r\ A a trace preserving 
action on an abelian von Neumann algebra A. If we assume that B is an abelian 
von Neumann algebra and K r\ B a free, action such that N = Ay\T = B y\ K then 
we have B A. 

Proof. Fixing 1 ^ j ^ 2 notice that the algebra N can be seen as {A x ^{i)) x F; 
with Fi acting trivially on ^(i)- Therefore applying the transfer Lemma |4]6] together 
with Theorem 13.21 (for E — {e}) we have that 5^ converges to zero uniformly on 
{B)i. Next, we proceed by contradiction to show that B A x T(^iy Assuming 
B -/iN A y\ F(j), by Popa's intertwining techniques (see Corollary 2.3. in |Pop06b| ) 
there exists a sequence of unitaries 6„ e U{B) such that \\EA>ir fiyixbny)\\2 — >■ as 
n — >■ oo. Since F^ S CTZ and 5^ converges uniformly to zero on {B)i, Theorem 12.51 
implies that (5^ converges to zero uniformly on the unit ball of Mm{B)" = N which 
is obviously a contradiction. Hence for all 1 ^ i ^ 2 we have that B -<n ^xr(i) and 
since i? is a Cartan subalgebra of N then CoroUarv II. 21 implies that B <n A. □ 

An immediate consequence of the previous theorem is the following: 

Corollary 5.2. //Fi,F2 G CTZ and F = Fi x F2 then the group von Neumann 
algebra LT cannot be decomposed as a crossed product LT — B Yi K, where K r\ B 
is a free action on a diffuse, abelian von Neumann algebra B . 

Proof. If we assume that LT = i? x A then applying the previous result for yl = CI 
we would have i? -<Ar CI which is obviously a contradiction because B is diffuse. □ 

Theorem 15.11 can also be used to obtain von Neumann algebras with unique 
group measure space Cartan subalgebra. 

Corollary 5.3. Let Fi,F2 G CTZ, F = Fi x F2 and let T r\ X be a free measure 
preserving action on a standard probability space. If there exists A r\ Y a free 
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measure preserving action on a standard probability space such that N ~ L°°{X) xi 
r = XI A then one can find a unitary u (li N such that we have uL°^{Y)u* = 

L°°{X). 

Proof. By Theorem 15.11 we have L°°{Y) L°°{X). Popa's conjugacy criterion 
(Theorem ll.3p for Cartan subalgebras then gives the desired conclusion. □ 

6. H^*-SUPERRIGIDITY APPLICATIONS 

In this section we use the technical results from previous section to manufacture 
new examples of W^*-superrigid actions. By definition, an action F r> X is cahed 
W^*-superrigid if, for every free, p.m. p. action A r> y, an isomorphism between 
the crossed products von Neumann algebras L°°{X) xi F and L°°{Y) x A entails 
conjugacy of the actions T r\ X and A r\Y. 

As explained in the introduction, the strategy to produce such actions is to 
find OE-superrigid actions that give rise to von Neumann algebras with unique 
group measure space Cartan subalgebras. Using his influential deformation/rigidity 
theory, Popa discovered the following class of OE-superrigid actions of product 
groups. 

Theorem (Corollary 1.3 in |Pop08| ). For i — 1,2, let F^ be nonamenable groups 
such that F = Fi X F2 has no normal finite subgroup and let F nv^ X be a free, 
p.m. p. s-malleable action (see |Pop07| for the definition of an s-malleable action). If 
we assume that the restriction Fi r^^'l^'i (X, /i) is weak mixing andT2 rv'^i^'s {X,fi) 
has .stable spectral gap then F rv°" X is OE-superrigid. 

When this result is combined with Corollary 15.31 we obtain the following W*- 
superrigidity statement: 

Corollary 6.1. Let Fi,F2 G CTZ .such that F = Fi x F2 has no normal finite 
.subgroup and let F r\'^ X be a free, p.m.p. s-malleable action. If we assume that 
the restricted action Fi rv"^!""! {X, fi) is weak mixing and F2 rv'^i'^a (X, fi) has stable 
spectral gap then the action F r\'^ X is W* -superrigid. 

We mention the following concrete examples of W^*-superrigid actions arising 
from generalized Bernoulli actions. Consider F = Fi x F2 where F^ S CTZ and F has 
no normal finite subgroups, let / be a countable, faithful F-set such that for alH € / 
the orbit (Fi)i is infinite and the stabilizer {7 g F2 17? = i} is amenable. From the 
proof of Lemma 3.3 in |Pop08| the generalized Bernoulli action F r\ (T, A)^ satisfies 
the conditions in the hypothesis of the previous corollary and thus it follows W*- 
superrigid. 

Monod and Shalom unveiled in |MS06| a family of actions of certain product 
groups that are very close to being OE-superrigid (See also Theorem 44 in jSak09| 
for additional examples). For a better understanding of their result we need to 
introduce some terminology. 

An action F r\ [X, fi) is called mildly mixing if whenever A Q X and 7„ G F 
then /x(7„AAA) — ^ as 7„ — > 00 only when A is either null or conuU. It is not hard 
to see that mixing implies mildly mixing, which in turn implies weak mixing. Also 
an action F rv X is called aperiodic if its restriction to any finite index subgroup 
of F is ergodic. 

Following the notations in |MS06| . one says that a group F belongs to Crog if it 
has nonvanishing second bounded cohomology with coefficients in the left regular 
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representation, i.e., iJ^(r,^^(r)) 7^ 0. The class Crcg is fairly rich, including all 
groups which admit a non-elementary nonsimplicial action on a simplicial tree, 
which is proper on the set of edges; and all groups which admit a non-elementary 
proper isometric action on some CAT(-l)-space (see ,MS06, for more examples). 
In particular, any non-elementary, amalgamated free product Fi *si r2 belongs to 
Crcg if one assumes that the subgroup f2 is almost malnormal in one of the factors 
(Corollary 7.10 in [ MS04j ). 

Using second bounded cohomology methods, Monod and Shalom proved the 
following OE-strong rigidity result: 

Theorem (Theorem 1.10 in |MS06] ). Let T = Ti x Tz where T., e C„g and let 

T r\ X be a free, irreducible, aperiodic action. Suppose that K r\ Y is mildly 
mixing action. If the action T r\ X is orbit equivalent with K r\ Y then the two 
actions are conjugate. 

Consequently, when this theorem is combined with Corollary 15.31 above, we ob- 
tain the following T4^*-strong rigidity result: 

Corollary 6.2. Let T = Ti x r2 with e CUn Creg and let T r\ X be a free, 
irreducible, aperiodic action. Suppose that A Y is mildly mixing action. If the 
action T r\ X is W* -equivalent with A r\Y then the two actions are conjugate. 

Even though it is clear that the classes Crcg and CTZ do not coincide there is still 
a considerable overlap between them. Indeed, combining the examples discussed 
above with the examples presented in the introduction, the intersection CTZ n Creg 
contains all non-elementary amalgamated free products Fi *o ^2 which satisfy the 
following three properties: 

• Ti are infinite groups and the common subgroup is almost malnormal in 
one of the factors; 

• Fi contains an infinite subgroup which has property (T); 

. /3f)(Fi)+/?f)(r2) + ^>/3f (f^). 

In particular, if Fi is an infinite group with property (T), then any non-elementary 
free product Fi * r2 belongs to the class CTZ n Crcg. 

7. Other unique group-measure space decomposition results 

In this section we will consider a class of groups larger than CTZ by not requiring 
cocycles to be in mixing representations but rather in representations which are 
mixing relative to an amenable subgroup. Given a group F with a subgroup S < F, 
and a representation tt : F — > U(T-L), we say that tt is mixing relative to S if 
(7r(7„)^,77) — T' whenever 7„ — > 00 relative to S. One says that a group F belongs 
to ACTZ if it satisfies either condition (1) or (2) below: 

(1) (a) There exists an amenable normal subgroup E < F and a representation 

TT : F — >■ Z^(H) which is mixing relative to E; There exists an unbounded 
cocycle c : F — >■ H which vanishes on E; 
(b) There exists a non-amenable subgroup 57 < F such that the pair (F, fl) 
has relative property (T). 

(2) (a) There exists an amenable normal subgroup E <] F and a representation 

TT : F — >■ W('H) which is mixing relative to E and weakly contained in 
the left regular; There exists an unbounded cocycle c : F — > H which 
vanishes on E; 
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(b) There exists a non-amenable subgroup < F which is a product of 
two nonamenable groups. 



Notice that any nonamenable group with positive first ^^-Betti number admits 
an unbounded cocyclc into the left regular representation. Therefore ACTZ contains 
every group T with first positive £^-Betti number that admits a nonamenable sub- 
group of r, such that the pair (F, Q) has relative property (T) or i7 is a product 
of two nonamenable groups. 

Natural classes of groups in ACTZ have already been considered in |PV09) and 



Example 7.1. If Fi, r2 are two groups which contain a common finite subgroup S, 
and F = Fi *s F2 then we may consider the cocycle c : F — £^(r/E) which satisfies 
c(7i) = ~ A(7i)(5i; for 71 e Fi and 0(72) = for 72 G F2. By the universal 
property of amalgamated free products this cocycle extends to all of F and will be 
unbounded as long as E 7^ Fi,F2 (if 7; € F^ \ E, then it is easy to see that c is 
unbounded on {(7172)" | n € N}). 

This shows that F satisfies condition (fTa|) or (|2a|) above. Finding examples of 
this type which also satisfy (|lb|) or (j2bp is not difficult and we refer the reader to 
[PV09j for examples. 

Example 7.2. Suppose iJ is a group which contains a finite subgroup E, and 
6* : E ^ is an injective homomorphism. Let F = HNN(iJ, E,6') = {H,t \ 9{(j) = 
tat^^, for all ct G E) denote the HNN extension then consider the cocycle c : F — > 
^^(F/E) given by c{h) — 0, for all h £ H, and c{t) = X{t)S-s:- We leave it as an 
exercise to show that it extends to a well defined cocycle on F, and we have that 
||c(i")|p — \n\ for all n S Z, hence c is unbounded. In fact, for this example and 
the previous one, the cocycle we consider is well known, and arrises naturally from 
the action of F on its Bass-Serre tree. 

Then we have that F satisfies condition ([Ta|) or (|2ap above. Again, finding 
examples of this type which also satisfy (jlbl) or (j2bl) is not difficult and we refer 
the reader to |PV09| for examples. 

The main theorem we prove in this section is an intertwining result (Theorem l7.4l 
below) for trace preserving actions of groups in class ACTZ on amenable algebras. 
As a consequence we obtain new von Neumann algebras with unique group measure 
space Cartan subalgebras. 

Our proof follows the same general strategy used to prove Theorem 15.11 above 
and it will be rather sketchy. First, by similar arguments as in the proof of Lemma 
14.61 and Lemma 3.1 in [PV09] . we show that a transfer lemma still holds for von 
Neumann algebras associated with actions of groups belonging to ACTZ. 

Lemma 7.3. Let F G ACTZ and let T r\ A be a trace preserving action on an 
amenable von Neumann algebra. Suppose also that B is an abelian von Neumann 
algebra and A r\ B a free, ergodic action such that N = AyiT — B K. If P d N 
is any amenable von Neumann subalgebra then for every £ > 0, there exists > 0, 
and an infinite set of elements S d A, such that 



[FVTO] . 



(59) 
(60) 



||'5q(wa)|| ^ £ for all X S,a> 
\\Ep{xv\y)\\2 for all x,y G N as A — > 00. 
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Proof. Fix e > 0. Borrowing the same notations from the proof of Lemma 14.61 we 
briefly argue that in both cases there exists > such that for all a > ae we have 

(61) \\da o A{x)\\ s; |, for aU x e {m)i. 

When the pair (r,f2) has relative property (T), this follows from the proof of 
Lemma 14. 6[ so it only remains to prove it when is a product of nonamenable 
groups. This case however follows by referencing the same proof from Theorem 4.3 
in [PetOQbl and using Lemma [4.11 We leave the details to the reader. 

Next we fix w G LD, a unitary and let w = X^agA ^a'I'a with w\ G _B be its 
Fourier expansion in B xi A = N. If we denote by S" = {A G A | ||(Sq(wa)||2 ^ £}, 
then using (|6ip in the same manner as in the proof of Lemma 14.61 we obtain that 
for all w G U(Lil) we have 

(62) > \- 

AeS 

So to finish the proof it only remains to check ([60|) for the set S. However this 
follows from using relation (|62|) above exactly as shown in the last part in the proof 
of Lemma 3.2 in [PV09 . □ 

Pairing the above transfer lemma with the criterion for uniform convergence of 
the resolvent deformation described in Section |3] we obtain the following: 

Theorem 7.4. Suppose F G ACTZ, A is an abelian von Neumann algebra and 
T r\ A is a free, ergodic action. If B is an abelian von Neumann algebra and 
A r\ B is a free action such that N — AyiT = B><iA then B A xi S. Moreover 
if Y, = {e} there exists a unitary u G U{N) such that uBu* = A. 

Proof. Since S is amenable it follows that the von Neumann algebra A xi S is also 
amenable. Applying Lemma [7751 for P = A xi S we obtain that for every /c G N there 
exists ak > and an infinite sequence {vxk | n G N} C A satisfying the following: 

||<^q(i'a'= )|| ^ T for ^-U > a.k,k, n G N; 
k 

\\EAxs{xvxky)\\2 — > as n — > oo, for each G N. 

Since F G ACTZ then it admits an unbounded 1-cocycle into a representation 
which is mixing relative to S and hence Theorem 13.21 implies that Sa converges 
uniformly on {B)i. 

Next we proceed by contradiction to show B AxiY^. Assuming B -/^n Ay^'S, 
by Popa's intertwining techniques |Pop06b| , there exists a sequence of unitaries 
6„ G U{B) such that ||-BA(a;^ny)||2 — >■ as n — ?► oo. Therefore Theorem 4.3 in 
[Pet09b| implies that 5^ converges to zero uniformly on the unit ball of A/7v(-B)" = N 
which is obviously a contradiction. 

When E = {e} we have B A and by Theorem 11.31 there exists a unitary 
ueU{N) such that uBu* ^ A. □ 

Remark 7.5. If one can remove the normality assumption on the subgroup E < F 
in the proof of Lcmma l2.6l then the previous intertwining result holds for any S and 
therefore will allow one to completely recover the VF*-superrigidity results obtained 
in [PV09llFVT0] . 
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Remark 7.6. Taking E = {e} in the previous theorem we have that any free, 
ergodic action on a probabihty space T r\ X oi a, group F with positive first £'^- 
Betti number that admit a nonamenable subgroup il < F with relative property 
(T) , gives rise to a von Neumann algebra with unique group measure space Cartan 
subalgebra. This result may be interpreted as a positive evidence supporting the 
following general conjecture of loana, Popa and the authors: 

Conjecture 7.7. Any free, ergodic action on a probability space T r\ X of any 
group F with positive first ^^-Betti number gives rise to a von Neumann algebra 
with unique Cartan subalgebra. 

Even though a positive answer to this conjecture in its full generality is still 
out of reach there are instances when it is known to be true. All known examples 
however assume some strong conditions on either the group or the action mostly 
to insure that, besides strong deformability, the von Neumann algebra L°°{X) x F 
also possesses a strong pole of rigidity. To enumerate a few examples: 

• Any profinite action T r\ X where F is a nonamenable free group I QPOTi 
lOPlOj or more generally any group with positive first ^^-Betti number that 
has the completely metric approximation property |Dabl01 ISinlO] . In this 
case rigidity arises from the complete metric approximation property and 
profiniteness of the action; 

• Any profinite action T r\ X where F is a group that admits an unbounded 
1-cocycle into a mixing representation and does not have the Haagerup 
property [PetOQcj . Here rigidity arises as a mix between profiniteness of 
the action and the absence of Haagerup property for F; 

• Any action T r\ X where F is any free product of a nontrivial group and 
either an infinite property (T) group or a product of two nonamenable 
groups [PV09[ IFV10| . Obviously in this case rigidity is inherited from the 
acting group F. 

Note that our result is mostly in the spirit of the second and third situation above. 
It will be very interesting to investigate if the conjecture is true in cases where 
apriori there is a lack of rigidity, for instance for any free, ergodic action of a 
nonamenable free group. 

Appendix A. On Popa's unique HT Cartan subalgebra Theorem 

We end by mentioning that much of the difficulty in the previous theorems was to 
obtain uniform convergence of a deformation on the "mystery" Cartan subalgebra. 
If we assume that we already have convergence (for instance if we assume the 
inclusion {B C N) is rigid) then much of the difficulty diminishes. In this setting we 
can weaken our assumptions on the group F and in this way obtain a generalization 
of Popa's unique HT Cartan subalgebra theorem (Theorem 6.2 in |Pop06a| ). This 
result was previously presented by the second author at the Workshop on von 
Neumann Algebras and Ergodic Theory held at UCLA in 2007. 

Theorem A.l. Let T be a group such that there exists an unbounded cocycle into a 
mixing representation. Suppose A is an abelian von Neumann algebra, and T r\ A 
is a free, ergodic action. Let N = A yi T and suppose that (Bq C N) is a rigid 
inclusion such that B ~ B'^fd N is a Cartan subalgebra. Then there exists a unitary 
u e ll{N) such that uBu* = A. 
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Proof. Let S : N ^ H he the corresponding derivation associated to F. Since Sa 
converges uniformly on Bq, ii Bq -/(n A then using Lemma [2^ together with Popa's 
intertwining theorem Pop06b' and the proof of Theorem 4.5 in |Pet09bj we have 
that 6a converges uniformly on {B)i C (A/'Ar(i?o)")i. The same argument then 
implies that 6a converges uniformly on {N)i — {J\fN{B)")i which would contradict 
the original cocycle being unbounded. 

Thus Bq A and hence by Popa's conjugacy criterion for Cartan subalgebras 
we obtain the result. □ 

Remark A. 2. By |AW81| if a group F has the Haagerup property then there 
exists a proper cocycle into a mixing representation and so the previous result 
applies when F has the Haagerup property as in Theorem 6.2 in |Pop06a| . 

Corollary A. 3. Let T be a group such that /3\ (F) > 0, and suppose < (F) < 
CO for some n G N. Then there exists a free ergodic action T r\ A such that 
J-(AxF)^{l}. 

Proof. By the results in |Eps07| , |GL09| . |Ioa07) , and |GP05j . (this appears ex- 
plicitly as Theorem 4.3 in jloaOTj ). every non-amenable group F has a free ergodic 
action F ^ ^ such that there is a rigid inclusion [Aq C N) with A — A'i^(^ N (in 
fact they have uncountably non-orbit equivalent such actions). If (F) > then 
by the previous theorem A is the only Cartan subalgebra which contains such a 
rigid subalgebra. Therefore J- {A x: F) = T{A C A x: F), and the result follows from 
|Gab02j . □ 
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